Using spectral function of photon we find the reliable results for the effects of vacuum polarization for the dressed fermion propagator in three-dimensional QED.The lowest order spectral function has logarithmically divergent Coulomb energy as well as self-energy which is absent in four-dimension.
INTRODUCTION
In the previous work we studied the mass singularity of the fermion propagator in QED 3 in the presence of massless photon in quenched approximation with bare photon mass [7] .We applied the method of spectral function with low-energy theorem which is known to reproduces the results of Bloch-Nordsieck approximation and renormalization group analysis near the mass shell in four-dimensional model [5, 6, 12] .This approximation is an exponentiation of the second order matrix element for one photon emission.The same approximation in four dimension leads the logarithmic infrared divergence of the mass operator.In this case the Coulomb energy is finite in the infrared. On the other hand we get a logarithmically divergent Coulomb energy and self-energy which has position dependent mass as well as finite mass shift in three dimension.The corresponding infrared divergence of mass turns out to be linear.In the zero limit of the infrared cut-off the propagator vanishes.It may be well to overcome these features by physical mass as Chern-Simon term or vacuum polarization [6, 8] .In the present work we study the effect of vacuum polarization of massless fermion by dressed photon.Using the spectral function of photon we get the non-perturbative effects by integrating the quenched case with bare photon mass.Linear infrared divergences turn out to be logarithmic one,and logarithmic dependence of the propagator as ln(e 2 |x|) remains.We get an infrared cut-off independent form of the dressed fermion propagator away from threshold or in Euclid space,where the coupling constant plays role of photon mass.In our approximation
Coulomb energy has the same role as a leading infrared divergence in four-dimension.From this contribution we get the high energy behaviour of the fermion propagator,Z −1 2 = 0 for arbitrary coupling.At sufficently large coupling short distance singularities disappear.In this case the vacuum expectation value ψψ becomes finite.In Section II we rewiew the vacuum polarization of the massive fermion loop and show the structure of the photon propagator.In section III spectral function of the fermion propagator are defined and we show the way to determine it based on LSZ reduction formula and low-energy theorem.In section IV we evaluate the spectral function for quenched case with photon mass as an infrarfed cut-off and improve it by the photon spectral function including vacuum polarization.In Section V is devoted to analysis in momentum space of these solutions.
II. VACUUM POLARIZATION
Assuming parity invariance,we take 4-component fermion representation [6, 8, 9, 10] .The one-loop self-energy for photon with dimesional regularization is given
Usual polarization function P (k) is expanded in terms of m(1/m)
If the mass m is heavy expansion in terms of the inverse powers of m is a weak coupling expansion and massless limit corresponds to a strong coupling limit.Here we see that the massless limit is a correct high-energy behaviour of the vacuum polarization function P.The full propagator is
To see the screening effects easily,first we set m = 0 to neglect the threshold effects.It is equivalent to study the high-energy behaviour in momentum space.Hereafter we use the full photon propagator with N fermion flavours
and do not discuss the analyticity in Minkowski space
III. CALCULATING THE SPECTRALY WEIGHTED PROPAGATOR
A. Definition of the spectral function
In this section we show how to evalute the fermion propagator non pertubatively by the spectral represntation [5, 7] .The spectral function of the fermion is defined
In the quenched approximation the state |n > stands for a fermion and arbitrary numbers of photons,
we have the solution which is written symbolically
Here the notations
have been introduced to show the phase space of each photons.We consider the matrix element
for k 2 n = 0 by LSZ reduction formula:
where d is a gauge fixing parameter.T n satisfies Ward-Takahashi-identity
provided
Neglecting position dependence which is given by
we get the usual form
which implies low-energy theorems.By the low-energy theorem the fermion pole term for the external line is dominant for the infrared singularity for fermion.Let us consider the matrix element T n−1 (r; k 1 , ...k n−1 ) in which there is no photon line with external fermion.We attach T n−1 with one photon line with external fermion.The matrix element T n is written as
here we assume
satisfy Ward-Takahashi-identity.In ref [5] ,the method to determine the matrix element T n was discussed in the following way up to k n µ terms which vanishes in the limit k µ n = 0,
The result for T
Here,Λ n−1 (r; k 1 , ..., k n−1 ) does not contain any one-fermion line with momentum r + k n (offshell) and coincides with T n−1 (r; k 1 , .., k n−1 ) continued off the r 2 mass shell(by an LSZ formula for example):
For n = 1 case we have
From (17), (19), (23) we see that T µ ′ n is sufficent to satisfy
where k * is a intermediate point for k.From the above it is sufficent to take
The second term is transverse in k µ n and should be regular at k µ n = 0.It is understood as the non leading term and derived by gauge invariance.
B. Approximation to the spectral function
If there are massless particle as photons,there exists infrared divergences near the fermion mass-shell.In theses cases we cannot separate the one particle state and one particle with multiphoton intermediate states,we must sum all intermediate states with infinite numbers of photons.The spectral representation of the propagator in position space is given
First we derive the second-order spectral function and the propagator S F (p)
where one-photon matrix element T 1 which is given in ref [7, 10] 
λ,s
is a bare photon spectral function.Here Π µν is the polarization sum
If we sum infinite numbers of photon in the final state as in (8),by LSZ reduction formula the method to determine the multi-photon matrix element is given in (26).In the lowest order approximation simplest solution to the spectral function is given by exponentiation of one photon matrix element T 1 T 1 :
Ω|ψ(x)|r; k r; k|ψ(0)|Ω
This approximation leads to an infinite sum of ladder graphs with fixed mass.And its imaginary part is simple to evaluate by the above formula.After integration,we set r
This formula shows that the infrared divergences of photons give the radiative correction to the free position space propagator exp(−m |x|)/ |x|.The radiative correction for the fermion propagator may be seen as the modification of the short distance behaviour or mass.Therefore we expand F
in the power series of x and study the correction of mass.The results are shown in the previous work.Next we use the full propagator for photon in the same way
Spectral functions for free and dressed photon are given by [6, 11] 
One photon matrix element reads
First we perform the direct fourier transform of the propagator
On the other hand the spectral representation for photon is
Both ways lead the same answer;
These modification leads to the change of the static potential
V R (x) has not zero on the |x| axis and decrease as 1/c |x|.On the other hand V B (x) has zero and change its sign.
IV. APPROXIMATE SOLUTION IN POSITION SPACE A. quenched case
To evaluate the the function F ,it is helpful to use the following parameter integral with exponential cut-off(infrared cut-off) [5, 7, 12] .Following the parameter tric
we obtain the formulea
(46)
Soft photon divergence corresponds to the large α region and µ is an infrared cut-off.For the k µ k ν part there remains an infrared divergence 1/k 2 which is independent of the 1/(r · k) in the same gauge in (42).It is simple to evaluate this term F L by definition
We have
Here we notice that the over all sign is changed by replacing the imaginary part to real part of the photon propagator. In quenced case the above formulea for the evaluation of three terms in F provided the position space propagator with bare mass
where
For the leading order in µ we obtain
where γ is an Euler constant.In this case linear infrared divergence may cancells by higher order correction or away from threshold,at present we omitt them here with constant term [6, 13] .The coefficent of the first linear infrared divergent term corresponds to the anomalous dimension of the mass operator in four-dimension.Linear term in |x| is understood as the finite mass shift from the form of the propagator in position space and |x| ln(µ |x|) term is position dependent mass
which we will discuss in section VI.The position space propagator is written as free one with physical mass m multiplied by quantum correction as
From the above form we see that D acts to change the power of |x| and plays the role of anomalous dimension of the propagator [7] .If D ≥ 1 there is no short distance singularities as spike.Here we notice the same approximation in four dimension.In four-dimension the photon propagator is
Therefore we obtain by the parameter integral
Coulomb energy F 2 is finite in the infrared and does not contribute for the mass singularity.In perturbative analysis in momentum space it gives a 1/p correction to the free propagator.Therefore the leading log correction leads the well-known form
near p 2 = m 2 .
B. unquenched case
Here we apply the spectral function of photon to evaluate the unquenched fermion proagator.We simply integrate the function F (x, µ) for quenched case which is given in (57),where µ is a photon mass.Spectral function of photon is given in (37) in the Landau gauge d = 0
An improved F is written as dispersion integral
In this way the linear infrared divergences turn out to be a logarithmic divergence in the first term and µ in the logarithm is replaced by c.Except for the logarithmic divergence we get a finite results [5] .The fermion spectral function in position space becomes
with N flavours
In this way we get a position space propagator which shows mass generation and wave renormalization in all region. We can avoid infrared divergences in the Euclid region.At large N the function damps slowly with fixed c,where mass changing effect is small for all range of |x|.For small N the function damps fast and the short distant part is dominant for mass chaging effect.Short distance behaviour is determined by D.For long distance we may treat finite µ and investigate the long distance behaviour of F.In that case the F contain only ln(µ |x|) as large µ |x| and others damp faster as ln(µ |x|)/ |x| .This indicate that the mass generation is a short distance effect.In the fourier tranformation
first factor sin(p |x|) p |x| is dominant at small |x| for both large and small p.
V. IN MOMENTUM SPACE
Now we turn to the fermion propagator.The momentum space propagator is given by fourier transform
where we have
It is known that
for Euclidean momentum p 2 ≤ 0.In Minkowski momentum p 2 ≥ m 2 above formula is continued to
From this definition
The spectral function is a discontinuity in the upper half-plane of z
There is a problem to normalize the spectral function to δ(p 2 − m 2 ) in the weak coupling limit [5] .Here we do not evaluate the explicit spectral function.Principal part of the propagator in Minkowski space is continued to
To use above formula for C = 0 case we use Laplace transform [7] 
This function shift the mass and we get the propagator
At D = 0 and 1 we see
(84)
VI. RENORMALIZATION CONSTANT AND ORDER PARAMETER
Hereafter we consider the renormalization constant and bare mass in our model.It is easy to evaluate the renormalization constant and bare mass by define the renormalization
There is no pole and it shows the confinement for D > 0.Order parameter ψψ is given as the integral of the scalar part of the propagator in momentum space 
VII. SUMMARY
We evaluate the fermion propagator in three dimensional QED with dressed photon by method of spectral function.Non perturbative effects are included by resummation of the infinite numbers of rainbow type diagrams with physical mass.In the evaluation of lowest order matrix element for fermion spectral function we obtain finite mass shift,Coulomb energy and gauge invariant position dependent mass which has the same property in the the analysis of D-S equation.Including vacuum polarization we find that an infrared cut-off is replaced by coupling constant.Above some coupling constant order parameter ψψ is finite,which is independent of the symmetry which forbids finite bare mass.The mechanism of confinement are given usually for the potential energy between charged particle,which has been not clear.In our approximation Coulomb energy at short distance is logarithmically divergent and plays the same role of mass singularity in four-dimension.This sets the renormalization constant Z −1 2 = 0 for arbitrary coupling.If we assume the magnitude of m is O(e 2 ) in the Landau gauge,our results is consistent with numerical analysis of coupled Dyson-Schwinger equation excepts for wave renormalization [14] .
VIII. ACKNOWLEDGEMENT
The author would like thank the members of CSSM for their hospitality during his stay
2005.
